A temperature-induced crossover from hopping to metallic conductivity is observed for barely insulating samples of Ge:As and Ge:Sb with impurity concentration N just below the critical value N c0 . The values of the correlation length ξ are obtained on both sides of the transition. A method is developed for determination of a 'delocalization temperature' T d , which separates the hopping and metallic conductivity. It is shown that the dependence of T d on N for various semiconductors can be reduced to a universal curve using normalization of the T -scale by the mean energy of the Coulomb interaction
The metal-insulator transition (MIT) is defined by the vanishing of the dc conductivity at zero temperature [1] : the value of σ (0) ≡ σ (T → 0) when plotted as a function of the impurity concentration N, is equal to zero on the insulating side of the MIT and remains finite on the metallic side, obeying scaling behaviour in the vicinity of the transition [2] :
Here γ = 1/3π 2 [3] , ξ is the correlation length, N c0 is the critical impurity concentration, N = N − N c0 , and µ is the critical conductivity exponent which is to be determined from experiments. The scaling behaviour of σ (0) is conditioned by the divergence of ξ when the transition is approached: ξ ∝ ( N/N c0 ) −µ . The zero-temperature conductivity does not behave as an ordinary metallic Drude conductivity in the immediate vicinity of the transition point. This happens only when it reaches the Mott minimal conductivity
i.e. only when ξ reduces to the average inter-impurity distance N −1/3 c0
. Here C 0 is a numerical coefficient. Mott has defined its value approaching σ m from the metallic side. When approaching σ m from below, it is natural to apply the scaling theory and assume C 0 = γ .
The conductivity σ (0) < σ m represents a special kind of conductivity [2] , which has no clear model representation and can be named critical, or scaling, or quantum conductivity. So, we suggest that the N-axis can be divided into three regions: insulating (I), scaling (S), and metallic (M). Since in the S-region σ (0) = 0, the S-region must be also regarded 0953-8984/97/459873+08$19.50 c 1997 IOP Publishing Ltd as metallic and the MIT takes place on the boundary between the I-and the S-regions. With concentration N in the I-region, the Fermi level is situated in the localized part of the density of states; in the S-region, it is in its delocalized part.
Non-zero, but low, temperature results for delocalized electrons of the S-region in finite phase relaxation time τ ϕ and finite phase relaxation length L = (Dτ ϕ ) 1/2 (D is the diffusion coefficient). According to [1] and [4] , σ (T ) in the S-region can be expressed in the form
Here β = 2/3π 3 = 0.022 and γ = 1/3π 2 = 0.034 are the numerical constants [3] . (We shall assume, for simplicity, γ ≈ β.) For localized electrons of the I-region, because of the phonons, a finite conductivity appears which is determined by the variable-range-hopping mechanism [5] and characterized by an exponential temperature dependence.
It is now widely accepted that in the immediate vicinity of the MIT, the electronelectron (e-e) interaction plays the leading role. For the S-region, this means that it is the e-e interaction that determines τ ϕ and L [6] :
For the I-region, e-e interaction produces the soft Coulomb gap at the Fermi level and brings the exponential dependence of σ (T ) to the form of the Shklovskii-Efros law [5] 
Here σ 0 is a parameter and the dielectric constant κ is equal to κ 0 far from the MIT and diverges at the point of the MIT [7] :
where g F = (∂N/∂ ) F is the density of states at the Fermi level.
In both regions around the MIT, I and S, the increase of the temperature leads to crossovers in conducting mechanisms.
Substituting L from (4) into (3) and using the Einstein relation σ (T ) = e 2 g F D, we obtain the following equation in dimensionless units
In the low-temperature limit T T * , x → 1 and the solution of (7) is
In the opposite limit T T * , from σ (T ) σ (0) it follows [4, 9, 10 ] that
F .
The equation T = T * , i.e.
T (S)
defines the crossover line in the S-region [8] . It separates temperature regions where the relation σ ∝ T p has indices p = 
. For T < T (S)
crs the diffusion coefficient D is determined by the static random potential and for T > T (S) crs by charge fluctuations. The 'T 1/3 -dependences' (9) have been observed in different doped semiconductors: InSb [11] , GaAs [11] [12] [13] , and Ge [14] . The MIT in these experiments was approached by changing both the impurity concentration N (N -MIT) and the magnetic field B (B-MIT). The measurements in Si were usually interpreted in terms of (8), as a 'T 1/2 -dependence' [15] [16] [17] [18] . It is not always simple to decide a priori what scale, T 1/2 or T 1/3 , is better. We have replotted here the data of [17] and [18] on the T 1/3 -scale. In contrast, data for Ge:Ga were presented recently in the T 1/2 -scale [19] . However, usually both presentations give practically the same N c0 value.
Inserting t = 1 into (7), one obtains x ≈ 1.75, i.e. σ (T * ) ≈ 1.75σ (0). This defines the self-consistent procedure for the analysis of the data in the S-region. One would expect the T 1/3 -scale to be applicable in the nearest vicinity of the MIT only [20] .
The crossover line exists also in the I-region. For variable-range hopping to occur, the hopping length r SE r SE = 1 4 ξ(T SE /T ) 1/2 (11) must be longer than ξ . From the equality r SE = ξ and from expressions (5) for T SE and (6) for κ, the equation for the second crossover line follows
The value of β follows from the numerical coefficients in (5), (6), and (11). In the immediate vicinity of the MIT (12) becomes similar to (10) for the S-region. The change of the conductivity along the crossover line (12) in the I-region is more fundamental as compared to the crossover in the S-region (10). In the I-region, a transition takes place from the exponential to the power law in the temperature dependence of the conductivity. The conductivity has insulator-like behaviour below T (I ) crs and metalliclike behaviour above T (I ) crs . We shall refer to this effect as to a temperature-induced metal-insulator transition (T -MIT). In this language, the critical concentration N c0 , which separates the samples with insulating and metallic behaviours of conductivity, shifts to lower concentration with increasing T . With relation (1) between N and ξ , the function T A similar quasi-phase diagram in the vicinity of the MIT was proposed earlier in [8] . However, the correlation length ξ was supposed there to be controlled by the degree of disorder. The later cannot be quantitatively measured. Therefore the diagram was compared with experiment only qualitatively. In this work we will concentrate on the classical heavily doped semiconductors Ge and Si where ξ is controlled by the concentration, which can be precisely measured. We report the observation of the temperature-induced crossover from hopping to metallic conductivity in barely insulating samples of Ge:As and Ge:Sb with impurity concentrations N just below N c0 . The quantitative analysis of the vicinity of the MIT is presented: we plot the function N c (T ) for a series of samples of Ge:As and Ge:Sb. We also analyse the data for Si:B and Si:P obtained by other authors. We demonstrate that the dependence of the dimensionless quantity | N c /N c0 | ≡ [N c (T ) − N c0 ]/N c0 on the reduced temperature T /W merges for different impurity systems into a universal curve.
c0 is the mean energy of the random potential caused by the Coulomb interaction between charged impurities.
Two series of uncompensated samples of Ge metallurgically doped by As and Sb with impurity concentration close to the MIT were cut from crystals grown by the Czochralski method. The effective concentrations of impurities responsible for the low-temperature conductivity were calculated directly from the resistance measurements using the method and scale proposed in [21] . The N-MIT in these series of samples was described earlier in [14] . It was shown there that N c0 = 3.5 × 10 17 cm −3 for Ge:As and 1.44 × 10 17 cm
for Ge:Sb and that µ = 1 for both series. Figure 1 shows the temperature dependence of conductivity σ (T ) for the series of Ge:As samples in terms of σ against T 1/3 . One can see that the function σ (T ) is well represented by the power law (9) not only in the metallic S-region, but in the I-region as well (see the sample with N = 3.0 × 10 17 cm −3 ), with the difference that in the I-region a < 0 and the T 1/3 -dependence is observed only at T > T d . Figure 2 shows the conductivity as a function of N at different T for these samples. We notice first the linear dependence of the limiting values of σ (T → 0) obtained from σ (T ) curves by extrapolation to T = 0. It confirms that the critical index µ in (1) is equal to unity ξ ∝ ( N/N c0 ) −1 (13) and gives the value of the critical concentration N c0 . From here we receive the lower scale for the x-axis, in units N/N c0 .
The linear behaviour of σ (T ) against N persists at non-zero T as well. We see from figure 2 that all the lines intersect in one point, at N/N c0 ≈ 0.27. At this concentration the conductivity σ hardly depends on T (see figure 1, the sample with N = 4.45 × 10 17 cm −3 ). We believe that this occurs because the temperature-dependent quantum corrections to the conductivity (3) and the classical contribution of the temperature-dependent scattering, being of opposite signs, nearly compensate each other. Hence, we suggest that at this concentration we are at the border between the S-and M-regions. This gives the 1/ξ -scale along the x-axis which is plotted above: ξ −1 is zero at N = 0, and ξ 27N c0 ) †. The scale, according to (13) , is linear with N. As a result, one can obtain in the S-region a coefficient c s between the two related scales: (14) is valid only in the S-region: there is no cause for it to be the same in the I-region where the parameter ξ is called the 'localization length' ξ loc . The given interpretation of the intersection point defines also the reduced scale along the y-axis: the conductivity at the S-M-boundary is expected to be σ m ; hence, the coefficient C 0 in (2) is 0.12. This value is lower than the value of 0.3 used in [14] but it is derived straight from the experiment and is closer to the theoretical value γ which enters the expression (1). † In the case of Ge:Sb, the same effect is observed for the sample with N = 1.82 × 10 17 cm −3 (see figure 3 in [14] ), which corresponds to the value N c1 /N c0 = 1.26, very close to that for Ge:As, while for p-type Si:B [17] and Ge:Ga [19] N c1 /N c0 = 1.08. It is interesting to find this ratio for other doped semiconductors.
The straight lines σ ( N/N c0 ) cross the y-axis N = N c0 at σ values
From here we can obtain the density of states g F just at the point of the MIT: 1/3 (17) which, in view of the proportionality (13) , is equivalent to the equations of the crossover lines (10) and (12) . Hence, the procedure described above permits us to measure the crossover line (12) and to determine the critical concentration N c (T ) at which, at given T , the leading transport mechanism changes from hopping to scaling conductivity.
The procedure of extracting the function N c (T ) by extrapolation of the linear part of the functions σ (N)| T =constant to σ = 0 was applied to the results of our experiments with Ge:As and Ge:Sb. We applied the same procedure to the data for Si:B and Si:P obtained by other authors and published in [17] and [18] . All these results are gathered in figure 3 . It is easy to see that shifts of N c to lower N with increasing T are different, being higher for materials with smaller N c . To merge the data for different impurity systems into a universal curve, we reduced the temperature axis to dimensionless units, dividing
c0 , the mean energy of the random potential caused by the Coulomb interaction between charged impurities. The result is presented in figure 4 : all data merge into one curve. Since W is a measure of the Coulomb interaction in the impurity system, this is an argument which indicates that, indeed, this interaction governs the MIT in doped semiconductors.
Our next action is to compare the universal curve obtained with the crossover line described by (12) . The solid line which fits the points is plotted in the form
in accordance with (12) applied to Ge:As. The value of κ 0 = 16 is used, the value of g F from (16) is taken as an upper limit of g F . The numerical coefficients β and c i between two related scales in the I-region, similar to c s defined in (14) , are used as free parameters. The fitting gives c i = 12, β = 0.002. The obtained value of c i is larger while the value of β is smaller than corresponding values in (12) and (14) . However, they are very sensitive to the value of g F used. We expect a further decrease of g F when moving inside the I-region, so that is the upper limit for c i and the lower limit for β . To conclude, we demonstrated that the one-variable scaling theory with e-e-interactions included can be successfully applied to heavily doped semiconductors for quantitative description of the critical region of both sides of the MIT. The quantitative relations between the correlation length ξ and the impurity concentration N were measured. On the insulating side of the MIT, in its immediate vicinity, the conductivity has insulatorlike behaviour below some 'delocalization temperature' T d and metallic-like behaviour above T d . The concentration dependence of T d , or, in other words, the temperature dependence of the critical concentration, was measured and analysed. It turns out to be a universal curve for different doped semiconductors after the concentration is reduced to the critical value N c0 and the temperature to the mean value of the random Coulomb potential W = (e 2 /κ 0 )N 1/3 c0 .
